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Abstract
Applying the known Nyman–Beurling criterion, it is disproved the Riemann hy-
pothesis on zeros of ζ−function.
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1 Introduction
In his famous presentation at the International Congress of Mathematicians
held in Paris in 1900, David Hilbert included the Riemann Hypothesis as num-
ber 8 in his list of 23 challenging problems published later. After over 100 years,
it is one of the few on that list that have not been solved. At present many ma-
thematicians consider it the most important unsolved problem in mathematics.
Recall that, exactly one hundred years later, the Clay Mathematics Institute
has published a list of 7 unsolved problems for the 21st century, including
6 unresolved problems from the Hilbert list, offering a reward of one million
dollars for a solution to any of these problems.
One of them is theRiemann hypothesis, i.e. a conjecture that the so-called
Riemann zeta function has as its zeros only complex numbers with real part 1/2
in addition to its trivial zeros at the negative even integers. It was proposed
by Bernhard Riemann in his 1859 paper [30]. The Riemann zeta function plays
a great role in analytic number theory and applications in physics, probability
theory and applied statistics.
1
ON THE RIEMANN HYPOTHESIS 2
The Riemann zeta function ζ(s) is a function of a complex variable s that
analytically continues the sum of the Dirichlet series
ζ(s) =
∞∑
n=1
1
ns
, Re s > 1 . (1.1)
As known, the series (1.1) is extended to the meromorphic function ζ(s) of the
whole plane having only one simple pole at the point s = 1.
The Riemann zeta function satisfies the Riemann functional equation
ζ(s) = 2spis−1 sin
(pis
2
)
Γ(1− s) ζ(1− s) ∀ s ∈ C (1.2)
which is an equality of meromorphic functions where Γ(s) is the gamma func-
tion of Euler, see [30], see also [33]. Recall that Γ(s) is a meromorphic function
on the whole complex plane C having no zeros and only simple poles at the
points s = 0,−1,−2, . . .. Equation (1.2) implies that ζ(s) has simple zeros at
all even negative integers s = −2n, these are the trivial zeros of ζ(s).
Riemann has also found in [30] a symmetric form of the functional equation
(1.2). One of such equivalent forms, see e.g. [22] and also [33], is the equation
ξ(s) = ξ(1− s) ∀ s ∈ C (1.3)
where
ξ(s) =
1
2
pi−
s
2 s(s− 1) Γ
(s
2
)
ζ(s) . (1.4)
Note that by the previous items the function ξ(s) is an entire function, i.e.,
an analytic function in the whole complex plane C without any poles, and,
moreover, ξ(s) has no above trivial zeros of ζ(s) but all their rest zeros coincide.
Remark 1. After the replacement z = s−1/2, equation (1.3) can be written
in the form
ξ
(
1
2
+ z
)
= ξ
(
1
2
− z
)
∀ z ∈ C (1.5)
meaning that the function ξ(s) is symmetric with respect to the point z0 = 1/2.
Thus, to verify the Riemann hypothesis it is sufficient to prove the absence of
zeros of ζ(s) in the half-plane Re s > 1/2. Note also by the way that zeros of
the Riemann zeta function are symmetric with respect to real axes because at
all ζ(s) = ζ(s¯).
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Note that there exist fine monographs especially devoted to the theory of
the Riemann zeta function, see e.g. [16], [18]–[21], [24] and the classic [33].
Moreover, it was even appeared the 2 volumes of equivalents of the Riemann
hypothesis, see [11]. The great number of such equivalents makes possible, on
the one hand, to attack the Riemann hypothesis from many positions and, on
the other hand, to obtain many consequences in the case of its proof. We prefer
one of these equivalents.
2 The Beurling–Nyman criteria
Let us recall the contents of the paper [10] of the known Swedish mathematician
Arne Beurling. Denote by {τ} the fractional part τ − [τ ] of a real number τ
where [τ ] is the greatest integer that is less or equal to τ . Denote also by B
the collection of all functions ϕ : (0, 1)→ R of the form
ϕ(t) =
N∑
k=1
ck
{
θk
t
}
, ck ∈ R, θk ∈ (0, 1], k = 1, . . . , N,
N∑
k=1
ckθk = 0 (2.1)
Now, let Bp be the closure of B in Lp = Lp(0, 1), 1 < p < ∞. It is shown
in [10] that Bp = Lp if and only if the function f(t) ≡ 1, t ∈ (0, 1), is in Bp.
Moreover, it is shown in [10] that the Riemann zeta function has no zeros in
Re s > 1/p if and only if Bp = Lp. Thus, by Remark 1 we have from here the
following consequences.
Theorem A. The Riemann hypothesis is true if and only if the function
f(t) ≡ 1, t ∈ (0, 1), can be approximated in L2 by a sequence in the class B.
Theorem B. The Riemann zeta function has no zeros in the half–plane
Re s > 1/p for p ∈ (1, 2) if and only if the function f(t) ≡ 1, t ∈ (0, 1), can
be approximated in Lp by a sequence in the class B.
Theorem A was first proved in the thesis [29] of Bertil Nyman (1950). Recall
also that Beurling was his advisor. The paper [10] first (1955) represented and
generalized his result. Later on, the Nyman–Beurling criterion was reproved
and generalized in many different ways, as well as, the approach was applied
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for the research of the problem on the distribution of zeros of the Riemann zeta
function, see e.g. [1]–[9], [12]–[14], [17], [23]–[28], [31], [34]–[37]. It is impossible
to list here hundreds of other papers devoted immediately or indirectly to the
Riemann hypothesis.
Theorems A and B admits a more convenient reformulation for our goal.
Namely, let us denote by B∗ the collection of all functions ϕ : (1,∞) → R of
the form
ϕ(t) =
N∑
k=1
hk
{
t
lk
}
, hk ∈ R, lk ∈ [1,∞), k = 1, . . . , N,
N∑
k=1
hk
lk
= 0 (2.2)
and by L∗p the space Lp((1,∞);m
∗) with respect to the measure and the norm
m∗(E) :=
∫
E
dt
t2
, ‖ϕ‖∗p :=


∞∫
1
|ϕ(t)|p
dt
t2


1
p
(2.3)
for setsE and real valued functions ϕ in (1,∞) that are measurable by Lebesgue.
Applying the change of variables t 7→ 1/t, we come to the following reformula-
tion of the Nyman and Beurling criteria, cf. e.g. [35].
Theorem A∗. The Riemann hypothesis is true if and only if the function
f(t) ≡ 1, t ∈ (1,∞), can be approximated in L∗2 by a sequence from B
∗.
Theorem B∗. The Riemann zeta function has no zeros in the half–plane
Re s > 1/p for p ∈ (1, 2) if and only if the function f(t) ≡ 1, t ∈ (1,∞), can
be approximated in L∗p by a sequence from the class B
∗.
Remark 2. Note that the functions ϕ ∈ B∗ are piecewise linear, fur-
thermore, they are step functions because ϕ′(t) ≡
N∑
k=1
hk
lk
= 0 on each inter-
val that appeared in (1,∞) after removing the points mlk, k = 1, 2, . . . , N,
m = 1, 2, . . .. Moreover, such a function is continuous from the right and has
the jump −hk at each point mlk where the corresponding jumps summarized
if m1lk1 = m2lk2 for some indexes m1 6= m2 and k1 6= k2. Note also that
ϕ(1 + 0) =
N∑
k=1
hk
lk
= 0 if 1 < l1 < l2 < . . . < lN . (2.4)
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3 The main lemma
Lemma 1. Given l ∈ (1,∞), set ϕ(t) = {t/l}. Then
I :=
∞∫
1
ϕ(t)
dt
t2
=
λ
l
+
ln l
l
(3.1)
where λ is the absolute constant,
λ := lim
n→∞
(
ln n −
[
1
2
+
1
3
+ . . . +
1
n
])
∈
(
0,
1
2
)
. (3.2)
More precisely, λ = 1− γ = 0, 432 . . ., where
γ := lim
n→∞
(
1 +
1
2
+
1
3
+ . . . +
1
n
− ln n
)
(3.3)
is the well–known Euler-Mascherony constant, γ = 0, 577 . . .
Proof. Indeed, since |ϕ(t)| ≤ 1, we have that I = lim
n→∞
In, where
In :=
nl∫
1
ϕ(t)
dt
t2
=
l∫
1
ϕ(t)
dt
t2
+
2l∫
l
ϕ(t)
dt
t2
+ . . . +
nl∫
(n−1)l
ϕ(t)
dt
t2
=
=
l∫
1
ϕ(t) d
(
−
1
t
)
+
2l∫
l
ϕ(t) d
(
−
1
t
)
+ . . . +
nl∫
(n−1)l
ϕ(t) d
(
−
1
t
)
=
=
ln l
l
+
1
l
n∑
k=2
[ln kl − ln(k − 1)l] −
1
l
n∑
k=1
1
k
+
1
l
=
lnnl
l
−
1
l
n∑
k=2
1
k
=
=
λn
l
+
ln l
l
(3.4)
after integration by parts, see e.g. Theorem III (14.1) in [32], on each interval
that appeared in (1,∞) after removing the points ml, m = 1, 2, . . . , n, because
there the function ϕ(t) is linear and ϕ′(t) ≡ 1/l. Here
λn := ln n −
[
1
2
+
1
3
+ . . . +
1
n
]
∈
(
0,
1
2
)
(3.5)
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in view of the geometric sense of the integral of the function 1/t over the given
segment. Finally, note that λn has a limit λ ∈ (0, 1/2) as n→∞ again through
integration by parts because the function {t} is integrable in L∗1. ✷
Remark 3. In the last version the second summand in (3.1) was absent and
hence it was concluded that, for all ϕ ∈ B∗, the following equality holds:
∞∫
1
ϕ(t)
dt
t2
= 0 . (3.6)
On this basis, it was by mistake proved that the Riemann hypothesis is not
true. Really we have from (3.1) that, for all ϕ ∈ B∗ of the form (2.2), the
following equality holds:
∞∫
1
ϕ(t)
dt
t2
=
N∑
k=1
hk
lk
ln lk =
N∑
k=1
Θk · ln lk , where
N∑
k=1
Θk = 0 . (3.7)
Correspondingly, if a sequence ϕm ∈ B
∗ converges as m→∞ to 1 in L∗2, then
(3.7) implies only that
N∑
k=1
Θ
(m)
k · ln l
(m)
k → 1 as m→∞ where
N∑
k=1
Θ
(m)
k = 0, see
e.g. Theorems 1 and 2 of Section VIII.3 in [20]. However, the latter condition
gives a great enough freedom. Moreover, it is only necessary but not sufficient
for ϕm → 1 in L
∗
2.
Thus, the question whether the Riemann hypothesis is true remains open.
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